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Abstract: We consider a non-perturbative formulation of an SU (2) massive gauge theory on a space-time lattice, which is also a discretised gauged non-linear chiral model. The lattice model is shown to have an exactly conserved global SU (2) symmetry. If a scaling region for the lattice model exists and the lightest degrees of freedom are spin one vector particles with the same quantum numbers as the conserved current, we argue that the most general effective theory describing their low-energy dynamics must be a massive gauge theory. We present results of a exploratory numerical simulation of the model and find indications for the presence of a scaling region where both a triplet vector and a scalar remain light.
Introduction
The discovery of a Higgs-like particle [1, 2] has recently established a new milestone in the experimental quest for the origin of electroweak symmetry breaking, which amazingly seems to be well described by the simplest mechanism thought off in the sixties [3, 4, 5, 6] . The reason why the Standard Model (SM) is such a good effective theory, if there is new physics, remains however an open question. Traditional avenues that have been pursued in the past to address the hierarchy problem such as supersymmetry, extra dimensions or technicolor have found no support in experiment.
Another unsatisfactory aspect of the problem lies in the lack of a non-perturbative definition of electroweak symmetry breaking and the Higgs mechanism. In particular, it has been known for a long time that in a gauge theory defined on a space-time lattice [7] , spontaneous symmetry breaking cannot take place [8] . Even in the presence of gauge fixing it has been shown [9, 10] that whether or not a gauge non-invariant condensate can get an expectation value depends on how the gauge is fixed [11] . This of course does not exclude the possibility that a Higgs-like phase does exist where a continuum limit can be defined and that it resembles the electroweak sector of the Standard Model, but such connection has not been firmly established. In other words, there is no derivation of the successful perturbative regime of the electroweak sector of the SM from its non-perturbative definition on a space-time lattice.
In this line, several studies of gauge-scalar theories were performed in the eighties. Some early references are [12, 13] . Much effort was devoted to understanding the phase diagram of such lattice theories, in particular trying to search for phase 1 transitions separating the Higgs and confinement phases. It was shown that no phase transition line separates these two phases (i.e. the Higgs and confinement phases are continuously connected) as a consequence of analiticity [12] . However, the interesting question of whether a scaling region could exist in the Higgs phase, and whether the dynamics in this phase is a small perturbation of the trivial scalar model or a nontrivial one has not been settled. An important question is how one could distinguish such a scaling region from that in the pure gauge theory. It is not expected that the two phases differ qualitatively at distances of the order of the lattice spacing, but they should definitely differ at long distances, because the propagating physical states are different. Even though confinement might be at work in both cases, in the sense that only colorless states are asymptotic, static charges can be screened in the Higgs phase but not in the confinement phase.
In this paper we reconsider the simplest of these theories, the gauged non-linear chiral model defined on a lattice, and argue that its continuum limit within a Higgs phase, if it exists, could be the simplest model of dynamical electroweak symmetry breaking. The two key ingredients are the standard mechanism of confinement (the asymptotic states that survive the continuum limit are gauge singlets) and the existence of an exact global symmetry. Assuming the continuum limit or scaling region of this theory exists, the global symmetry constrains the structure of the Wilsonian effective theory to be a massive gauge theory. We have performed an exploratory lattice simulation of this theory searching for trajectories of constant physics and we find numerical evidence for the presence of a scaling region in the lattice model with a light massive triplet vector and a light scalar.
The paper is organized as follows. In section 2 we present a simple argument of why a theory of conserved global currents is a massive gauge theory. In section 3 we present the lattice gauged non-linear chiral model that represents the discretisation of a massive SU (2) gauge theory. We show the existence of an exact global symmetry and rederive the result of section 2 from the associated Ward identities. In section 4, we present the results of a numerical simulation at three different value of the bare coupling and study the scaling of various quantities. Our conclusions and outlook are presented in 5.
Gauge invariance in an effective theory of conserved currents
Let us assume that a gauge-scalar model defined on a lattice of spacing a has a scaling region, that is the lightest excitations with mass m satisfy ma 1. Let us furthermore assume that these are spin 1 states that have the same quantum numbers of a conserved current, associated with some exact global symmetry. Provided these states are lighter than any other states, their dynamics at low momentum must be described by an effective field theory (EFT).
Let us therefore consider an EFT of spin one fields W a µ which transform in the adjoint representation of a global symmetry group that for simplicity we will consider to be SU (2) 3 . Let us assume that both Lorentz invariance and parity are good symmetries. We will also make the following fundamental assumption: the fields W a µ are the conserved currents of such global symmetry. In particular this implies that:
We will consider all possible operators compatible with these symmetries up to mass dimension four, assuming that higher dimensional operators would be suppressed by some higher energy scale. In principle, the coefficients of such operators are all independent and therefore the theory is not a gauge theory. The most general euclidean Lagrangian can therefore be written in the form:
where Z W , m W , α, λ, µ are arbitrary. The global symmetry implies that, under the infinitesimal transformation, Ω = e i (x) ∈ SU (2):
3)
the Nöether current must be conserved:
If we assume the consistency condition that the conserved current associated to the global symmetry is proportional to W µ :
the following relations must be satisfied 
3 In the Standard Model such symmetry would be the custodial symmetry.
Therefore we find that the most general EFT with the aforementioned properties and including terms with dimension d ≤ 4 is an SU (2) gauge theory up to a mass term. This result can be extended to matter fields straightforwardly. Let us consider for example a Dirac fermion field, Ψ, that transforms in the fundamental of SU (2), the allowed couplings of this fermion up to dimension 4 being:
The contribution of this term to the global current is 
By canonically normalizing the Ψ and the W µ fields we therefore obtain a gauge invariant fermion-gauge coupling:
with D µ ≡ ∂ µ − igW µ . The gauge coupling in the boson self-interactions and the fermion-boson interactions are the same. The case of massive fermions with chiral charges will be considered elsewhere. We note that, by using a different approach, the same EFT derived here from symmetry arguments, has been previously shown in [14] to provide the most general Lagrangian describing at low energy the interactions of massive vector bosons coupled to fermions.
Massive gauge theories as confining gauged non-linear σ models
We consider the SU (2)-gauged non-linear chiral model, which contains the degrees of freedom corresponding to the massive gauge bosons and no fundamental scalars. It is well-known that such a model defined on the lattice is exactly equivalent to a lattice-regularized SU (2) theory with an explicit mass term. Let us recall how this works. The simplest lattice action of a massive SU (N ) Yang-Mills theory in a cubic lattice of lattice spacing a is given by In this formulation, the theory looks like it is not gauge invariant, but it can be rewritten as a gauge invariant theory after performing an integration over the gauge orbit. Using the compactness of the group and the invariance of the measure we can write the partition functional as
where U Ω µ is the gauge-transformed link variable,
and
This action is now invariant under the following gauge transformation
In this formulation, the theory contains gauge degrees of freedom coupled to complex scalars, Ω ∈ SU (N ), on which the gauge transformation acts on the left. It is a discretized version of the gauged non-linear chiral model. For N = 2 this is also a non-perturbative formulation of an SU (2)+ λφ 4 theory, in the limit of an infinite
Higgs mass λ → ∞. We make also the important observation that this lattice theory satisfies sitereflection positivity and therefore unitarity [15, 16] .
The theory obviously reduces to the pure gauge theory in the limit κ → 0 (confined phase), while the scalar degrees of freedom decouple from the gauge interactions in the naïve β → ∞ limit, simplifying to the ungauged non-linear sigma model. The latter is in the same universality class as the λφ 4 theory and has a second order phase transition at κ = κ c , between an ordered (Higgs) phase and a disordered one. For an exhaustive study of this ungauged limit of the lattice model see [17] and references therein.
The phase diagram of this theory as function of (β, κ) has been studied before [12, 13, 18, 19] . For more recent studies see [20, 11, 21, 22, 23] . Using the small κ limit (high T expansion) at finite β, it is possible to show that the theory falls in the same universality class as the pure SU (2) gauge theory [24] . There must exist therefore a confinement phase where the continuum limit is the same as in the pure SU (2) gauge theory. In this phase, the Ω fields decouple as heavy degrees of freedom as we approach the continuum limit at β → ∞. It is reasonable to assume that for sufficiently large κ, the Ω fields can have long range correlations and remain in the spectrum. That would be a Higgs-like phase.
For large κ and β the standard perturbative expansion indicates that the theory is non-renormalizable, but it has some validity as a momentum expansion (in the same sense that chiral perturbation theory does). To be more precise, considering external momenta such that m 2 ≡
a 2 , the perturbative expansion is expected to be renormalizable order by order in
. In the appendix, we present the one-loop corrections to β and κ in this regime using the background field method on the lattice. As expected, m 2 ∝ κ a 2 being a dimensionful coupling gets cutoff-scale corrections and needs to be non-perturbatively fine-tuned to remain light in units of the cutoff. On the other hand, within the validity of the momentum expansion, the theory is found to be asymptotically free in g 0 :
which corresponds to a scalar contribution to the β function which is half of that of one complex doublet. The same result has been obtained in a different regularisation in [25] . These one-loop results suggest that a scaling region might exist at β = ∞ for some finite and non-perturbatively fine-tuned value of κ. Whether that region exists cannot be established within perturbation theory however, since an infinite number of tunings seem necessary to find scaling to arbitrary order in this expansion. On the other hand if such a scaling region is found non-perturbatively, the model might provide the simplest model of dynamical symmetry breaking: all the low-energy parameters describing the low-energy dynamics would be determined in terms of two or less (if there is asymptotic freedom) bare couplings. Note that this is precisely what happens in the ungauged non-linear model, a tuning of κ is all what is required to reach the (trivial) continuum limit, in spite of the fact that the perturbative (large κ) expansion indicates otherwise. As explained in the introduction, the existence of a scaling region within a Higgs phase implies that the static potential shows a mixed behavior rising linearly up to some physical distance r s , related to the scale of string breaking, and flattening thereafter. If such a physical scale exists it must satisfy scaling r s /a → ∞ as a → 0. Another observable that would be distinct in a Higgs phase is the correlation function of states constructed out of Ω fields, which should not have long range correlations in the confinement phase, i.e. ξ Ω /a remains finite as a → 0.
An essential property of this lattice model is that it has an exact global symmetry under the transformation
There is an exactly conserved vector current associated to this global symmetry which is given by
This current satisfies∂
is the forward lattice derivative. Let us assume that a scaling region exists and that only colorless states are asymptotic. One such state carries the quantum numbers of the conserved current, V a µ . The EFT for such state in the continuum limit must look like a massive gauge theory, as described in the previous section, since it satisfies all the properties required. In particular, the interactions of this state (with itself and other non-singlet fields) are controlled by the effective gauge coupling constant, g, which need not be related in any simple way to the bare coupling g 0 .
The relations of eq. (2.6) that underlie the effective gauge symmetry can in fact be derived also from the Ward identities (WI) associated to the exact global symmetry as we show next. Such WI also provide a non-perturbative definition of the effective coupling g.
We note the connection of this formulation with the so called hidden local symmetry construction of non-linear sigma models [26, 27, 28] that was applied to describe light vector mesons in chiral perturbation theory [29, 30] and also to models of electroweak symmetry breaking [31] . Here the hidden local symmetry is a true local symmetry, the only fundamental gauge symmetry.
Ward Identities
The existence of an exactly conserved global symmetry implies that the following relation must hold for any operator O −δS O + δO = 0, (3.11) where δS, δO are the variation of the lattice action and operator respectively under an infinitesimal and local symmetry transformation, Λ(x) = e iT a a (x) . The variation of the action is
where V a µ (x) is the conserved vector current of eq. (3.9). Let us first consider the operator O(y, z) ≡ V a µ (y)V b ν (z) and the following infinitesimal transformation (this is the method of [32] and references therein):
where R is the region 0 ≤ t ≤ T . We assume that y ∈ R (i.e. 0 < y 0 < T ) while z / ∈ R, for example z 0 > T . The boundaries of R, that we denote by ∂R, are therefore infinite hyperplanes at constant t = 0 and T . The transformation of the field is easily derived from the transformation of the current
where V 0 µ is a singlet under the global symmetry:
The lattice Ward identity in this case results in the following relation
where we have used that ∂ µ (y) = 0, y / ∈ ∂R. Note that all the operator insertions y, z and (0, x)/(T, x) are far apart, and therefore both sides of the equation should match the continuum correlation functions up to a field renormalisation. In the continuum theory, we denote the canonically-normalised field that represents the vector particle by W a µ . The Ward identity in terms of continuum fields is therefore
where Z V can be obtained from the large distance behavior of the Euclidean twopoint function
We use the normal convention and define Z 1/2 V ≡ m W F W . The EFT that represents the continuum limit is the most general renormalizable theory that satisfies the exact global symmetry and therefore is of the general form in eq. (2.2) after a canonical normalisation of the field. The three-W coupling, g ≡ αZ By restricting our attention to the case µ = ν = 0 and evaluating the three-point function at tree level, we obtain 19) and therefore from eq. (3.17) we get 20) which provides a definition of the effective coupling at this order. Note that a weak coupling requires g ∼ O(1), which seems to be the natural value for a ratio of dynamically generated scales such as m W and F W , even if the underlying theory is strongly coupled. Let us now consider the Ward identity where
and a local global transformation at x. We assume that all points x, y, z, u are far apart of each other.
The Ward identity reads
This correlation function should also match its continuum counterpart, once we substitute V by W . Let us first consider the case a = b = c = d fixed and let us compute this at leading order in perturbation theory. Due to the color structure there is no contribution from the three-point coupling g at tree level. The result is
For finite separations between all the points x, y, z, u, the integral is well defined and does not vanish, therefore the coefficient must vanish, i.e.
Finally we consider the case a = b, c = d and a = c. In this case both the three-point coupling g as well as λ and µ contribute at tree level. By imposing the condition eq. (3.23) we get
Also in this case the integral gives a non-vanishing contribution and therefore the coefficient must vanish
We hence recover the relations of eq. (2.6) and the gauge-invariant effective Lagrangian, eq. (2.7). The relations eq. (2.6) are derived from a tree level evaluation of the Ward identities, while we know that in the theory with only the massive W a µ fields unitarity breaks down at high energies. The Born approximation should represent correctly the low-energy dynamics of the theory, provided g is small and there are no other light degrees of freedom closeby.
This means that we have implicitly assumed that the only light degrees of freedom below the cutoff are the W a µ . However, it is likely that other light states exist that might contribute to the Ward identity amplitudes, for example, a light scalar H, that might unitarize the theory if the couplings to the W are those of the Standard Model. An interpolating field that could couple to such a state is that in eq. (3.15), which is a singlet under the global symmetry. Accordingly the only allowed d ≤ 4 couplings of this state could be
where V (H) is the standard quartic potential. If the H(x) field is invariant under the local symmetry, the HW couplings would be forbidden by eq. (2.5). In fact such couplings would give at LO uncanceled contribution to the right-hand side of eq. (3.25). However such contribution can be reabsorbed in a redefinition of the conserved current in the EFT. The matching of the conserved current in the presence of the λ HW W is modified to: 27) which is conserved up to higher order corrections. The global symmetry does not seem to constrain the scalar to vectors couplings, although we know that they are fixed by the requirement of perturbative unitarity if no other light state exists. 
Numerical Results
We have performed an exploratory study of the scaling properties of the lattice model defined in eq. (3.1). This is essentially a standard gauge theory with the Wilson action and the κ term, which is the sum of the trace of the link variables. The heatbath and over-relaxation algorithms can be used straightforwardly by adding to the staples a term proportional to the identity. Periodic boundary conditions are imposed in time and space. We have measured the vector and scalar zero-momentum two-point functions, that is the correlators:
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where µ, ν = 0, 1, 2, 3 and k = 1, 2, 3. For the scalar, we used APE smeared links [33] , whereas in the case of the vector we considered both, smeared sources to extract the mass, and unsmeared ones to get F W , since the exactly conserved current is the unsmeared one. From these two correlators we can extract the physical quantities m H , m W and F W using standard definitions (see e.g. [19] for the effective mass). The goal is to consider values of the bare parameters that keep some physical quantity fixed. We have considered three values of β and L/a starting at β = 2.3, L/a = 16 and aiming at a change in the lattice spacing by a factor 2-3, guided by the perturbative formula in eq. (3.7). The volume is roughly fixed in physical units. In each case we have tuned κ to some reference value, κ ref (β). Inspired by the discovery of the Higgs-like particle, we have chosen to keep the ratio m H /m W fixed to ≈ 1.5 (within ∼ 10% errors). The results at κ ref (β) are summarised in Table 1 . Some illustrative effective mass plot is shown in Figure 1 . Plateaux can be clearly identified, although the noise to signal ratio grows exponentially in time as expected. In the future we may adopt the algorithm in [34, 35] to overcome the problem. Within our errors we do not see a sign of other nearby bound states and a two state fit of the effective masses indicates that the first excited state is at the cutoff scale. Of course it would be interesting to search for such states more thoroughly. Errors account for autocorrelation effects through the method described in [36] .
There seems to be indication of scaling at this κ ref (β) as β grows: increasing β the correlation lengths get larger in lattice units (am W drops by a factor ∼ 2.7 between the coarser and the finer lattices). Furthermore the dimensionless ratios m W /F W , m H /F W (only one of them is independent) remain roughly constant as shown in Figure 2 . The ratio m W /F W gives the effective coupling, g. We can see that the value is however very large (compared to the g ∼ 0.7 in the Standard Model). The tuning of κ could have also been done in such a way as to fix this ratio instead, which might actually be more precise numerically. It would be interesting to see how small a value for this ratio can be achieved within the scaling region and how it correlates with the ratio of scalar to vector mass. A preliminary study at β = 2.3, L/a = 16 is summarized in Figure 3 . The coupling g appears to vary quite rapidly as a function of m H /m W , especially for small values of the mass ratio, but seems to reach a plateau for large values. A more extensive study will be performed elsewhere. The change in the lattice spacing, as extracted from the ratio of aF W , is shown in Figure 4 where it is compared with the one-loop expectation from eq. (3.7). It seems that the running is slower than predicted by one-loop perturbation theory at these values of β.
We have also measured correlators of Polyakov loops with APE smearing, from which we have extracted the static potential in the standard way (which assumes the overlap of the Polyakov loop with the ground state potential to be 1): We note that it is necessary to subtract the disconnected contribution, which does not vanish in this case, because the mass term breaks central charge conjugation. The result for β = 2.55 is shown in the left panel of Figure 5 . There is a clear indication that the potential does not rise linearly after some distance. This is expected from the fact that static charges can be screened by the Ω fields, however the interesting result is that the scale at which this happens seems to also show scaling. This can be seen by plotting the function H(r) ≡ r 2 ∂V (r) ∂r as a function of r in physical units, see Figure 6 . Within the large error bars, the curves seem to fall on a universal line for the three β.
Since we have a mixing problem of stringy and static-light states the overlap of the Polyakov loop with the ground state is actually expected to depend on r. In order to simultaneously extract values for the ground and first excited levels it would be necessary to consider other correlators such as those of smeared Wilson loops. Asymptotically far from the mixing region, the ratio of two Polyakov loop correlators computed for different time extensions provides a more reliable determination of the static-light energy, as the dependence on the overlap of the Polyakov loop with the ground state drops out. Such ratio is shown in the right plot of Figure 5 , where the energy seems to reach a plateau at large r.
In a future study we plan to tune κ to fix the ratio m W /F W , that is the effective coupling. In this case the ratio of the scalar to vector mass will be a prediction. It will also be interesting to measure the self-couplings of the vector and those of the vector to the scalar, as well as to search for higher resonances. For this, as well as for having a more precise measurement of the static potential algorithmic improvements are necessary along the lines of [37] .
A recent numerical study of this model at significantly smaller physical volumes can be found in [38] .
Conclusions
We have studied a lattice formulation of the SU (2) gauged non-linear chiral model, which is exactly equivalent to the Wilson formulation of an SU (2) gauge theory with a mass term. The lattice theory has an exact SU (2) global symmetry, and its associated conserved current has the quantum numbers of a vector triplet. Although the theory is not perturbatively renormalizable, we have considered the possibility that a scaling region might exist. Under this assumption, if the lightest state is a vector triplet we have argued that the Wilsonian EFT describing the low-energy dynamics of this scaling region must be a massive gauge theory, even if confinement is at work . Other light states are expected therefore to unitarize the theory, such as a light scalar. We have carried out a numerical simulation of this model searching for lines of constant physics (as defined from the ratio of scalar to vector mass to have some fixed value) and we have found evidence for a scaling region, where however the effective coupling seems to be rather large, if the ratio m H /m W is set to roughly its experimental value. These results suggests that this theory is a non-trivial strongly coupled theory that needs to be understood non-perturbatively. It obviously has a clear physics motivation since it might be the simplest model for dynamical symmetry breaking.
Appendix A. Peturbation theory at one-loop
Although the lattice model is not perturbatively renormalizable, due to the Ω † Ω = 1 constraint, a perturbative expansion is possible for small external momenta if p 2 κ a 2 , or in other words for κ large compared to any other scale in lattice units, and for small g 0 . Let us discuss the range of validity of the expansion. There are four scales in this problem. The presence of the κ term gives at tree level a mass to the lattice gauge fields:
The equivalent of the vev of the Higgs is simply κ/a 2 = .
In the second case, we can neglect m 2 in front of external momenta, therefore the computation of the one-loop correction to g 2 0 coming from the diagrams involving the plaquette interactions only can be found in the literature. We will restrict our attention to this case. In order to ease notation we will set a = 1 throughout.
We have used the background field method introduced in [39] for the lattice regularization. Besides the quantum fields, we introduce two background fields B µ (x) and ω(x) in the following way
The gauge fixing procedure follows closely the lattice version of R ξ -gauge introduced in [39] modified as it is done in the case of spontaneously broken gauge theories in the continuum. The gauge-fixing term in the action reads:
where
, and the term in φ is introduced so that the mixed terms in A µ φ cancel. Note that it does not depend on the background field ω. The ghost action can be derived straightforwardly and does not depend on the ω field. As a result there are no new ghost contributions at one-loop with respect to those already present in the pure gauge theory. The are also no contributions from the measure terms at this order.
The required one-loop corrections to g 0 and κ, ∆g 2 and ∆κ respectively, can be read from two-point functions of the background fields computed at one-loop: 
The diagrams contributing to the two-point function of the ω field at one loop are shown in Figure 6 .
The correction to ∆κ can be read directly from the coefficient of the one-loop Bω and ωω two-point vertices, but also from the p-independent term in BB. The three results are the same. In Feynman gauge we obtain:
where m 2 ≡ 
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The diagrams contributing to the two-point function of the ω field at one-loop are shown in Figure 7 .
The correction to ∆κ can be read directly from the coefficient of the one-loop Bω and ωω two-point vertices, but also from the p-independent term in BB. The three results are the same. In Feynman gauge we obtain: 
The function F (x) is given by
The one-loop correction to the gauge coupling gets new contributions proportional to κ, corresponding to the diagrams in the first row of Figure 8 . For κ = 0 only the diagrams in the second row of Figure 8 contribute. They have been computed in [40] for massless gauge propagators. In our case, these diagrams are different because the gauge propagators are massive. However, in the regime m The contribution from the diagrams in Figure 8 (up to O(m 2 /p 2 , a 2 p 2 ) corrections) is found to be: 
The diagrams contributing to the two-point function of the ω field at one loop are shown in Figure 7 .
where m 2 ≡ The diagrams contributing to the two-point function of the ω field at one loop are shown in Figure 7 .
-16 - 
There is asymptotic freedom. The coefficient coincides with that found in [25] using a different regularization. On the other hand, if we want m 2 ∼ κ/a 2 to be finite in the continuum limit, we need that κ + ∆κ = O(a 2 ), therefore at the order we are working κ + ∆κ = 0,
which is satisfied at the critical point . Obviously κ will get finite corrections to all orders and therefore the tuning must be done non-perturbatively.
As it is well known not all the divergences can be reabsorbed in g 0 and κ. Some log's need to be absorbed in new couplings of O(p 4 ) operators [41] . Although these divergences are logarithmic at one-loop, quadratic corrections to such coefficients will appear at higher orders of the loop expansion. It would seem that a non-perturbative tuning is also required for these couplings to reach a scaling region. Whether at all, and in case at which values of the cutoff scale, this is necessary non-perturbatively is an open question and one of the motivations for the study presented here. A perturbative analysis of this question in the context of a different regularization can be found in [42] .
